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Lagrange’s Interpolation (For Unequal intervals):

Let vo, V1,-...Va be nt1 points of a function v = f(x) where (x) 1s assumed
to be a polynonual in x, corresponding to arguments Xo, Xi,. ..Xq, 0ot necessanly

equally spaced. Then
- (x-x)(x-x,)...(x~x,)
= f(x)=
r=7x)= (xo-x,)(xo - (X~ )

L (mx)(x-x%)..(x-x,)
( - %0 ) (3% = %) (%~ x, )y,

(x= %) (x= %) (x-,,)
%) (5 —1) (5 —501) "

This is called the Lagrange's formula for interpolation.
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Problem: 1

Using Lagrange’s interpolation formula, find the value of y corresponding to
x = 10 from the following data.

X: 5 6 9 11
12 13 14 16

Solution:

Given x,=5, x,=6, x,=9, x=I11

Yo =12, y, =13, y, =14, y, =16
By Lagrange’s interpolation,

(x=x)(x-x)(x-x) ) (x-x)(x-x)(x-x,)
A P ey e L P e e
Gox)eg)(eon) | (e)e-n)(xn)
(x, =%)(x, 'xl)(xz -x) :
Using x = 10, we get,
4x1x(-1) , éxlx(—l) 3 5x4x(-

T T R T T R AP

)%

Vi

(x5 = %) (% =) (% -x;)

S5x4x1
6x5x%x2

;( 4) + (16)

~y(10) = 14.67
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Problem: 2
Use Lagrange’s interpolation formula to find the value of yat x =6, given the data.

x 2 3 7 9 10
¥ 3 168 120 72 63
Solution:
Given the data

Xo =3, x=7, x=9 x=10
Yo =168, y, =120, y, =72, y, =63
By Lagrange’s interpolation,

y(x)= (x-x)(x-x%)(x-x) 4 (x= %) (x-x,)(x- %)
(xo = xl)(xo ‘xz)(xo —x3) - (xl —xo)(x, ‘xz)(xl =X
Gx)(en)mn) | (x-x)x-x)(x-x)

(xz - %) (%, -5 )(x, - x;) 2 (% = %) (%, - % )(x, -X)

Using x = 6, we get,

D3I gay, 3X(3)x(-4)

@ @

3x(-1)x(-4) 3x(=3)x(-1
o 6x2x(El) (12)% 7Tx3x1 )(63)
sy(6) =147 Dr. A. Venkatesh, AVWMSPC

)}’1

¥

y(6)=




Problem: 3

Apply Lagrange’s formula to find f(5), given that f(1)=2, f(2)=4, f(3)=8
and f(7)=128.

Solution:

(Given the data
o= x=2, x=3 x=]

Vo=2, w=4, y,=8 y,=128

By Lagrange’s interpolation,
Vi (x-x)(x—x)(x-x) 4 (x=x)(x=2)(x~x)
bl (% = %) (% —x) (% - %) " (= %) (%~ x,
N (x=x)(x—x ) (x—x,) bof (x-x,
(x, = %) (x, -5 )(x, - x;) : (% = %) (%, -%)(x - x,)
Using x = 5, we get,
_ 3x2x(-2) . 4x2x(-2)
A E e e R e
J83%A2) &)+ 2X3%2 (159)

2x1x(-4) 6x5x4

= f(5) = 38.8
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Problem: 4
Given u, =6, 4, =9, u; =33 and 4, =-15. Find u,

Solution:

Given the data

X, =0,x, =Lx, =3,x, =7
Yo =6’yl =9’y2 =339y3 =-15

By Lagrange’s interpolation,

(-n)-n)x-n)  (r-x)(x-n)(x-x)
% =% ) (% -X%,)(% -X;) - (% ‘xo)(xl =%, )(% =%,
(r=x)(x-x)(x-x%) (x=x)(x-x)(x-x) y,

(xz - %) (% -x)(x, "xs)}z +(x3 =) (%, - ) (% =5

Using x = 2, we get,

u(x) = ¥(x)= (

)Y1

—

10 15 55 5
u(2) = u2=—?+-2—++T+-ZE
su2)=ux=20
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Problem: 5

Using Lagrange’s interpolation formula, fit a polynomial to the following data.

X2 0 | 3 4
y: -12 0 6 12
Solution:

Given the data x, =0, EL TR x, =4
Yo=-12, y» =0, y,=6, ¥y =12

By Lagrange’s interpolation,

_ () n)(x-x) o (3-%)(x-x)(x-x)
y(X)—(xo‘xl)(xo'xz)(xo‘xs)y (%~ )(xl %, ) (% = X,
(x=x)(x—x ) (x—x,) s (x=x)(x—x)(x-x,) .
(xz—xo)(xz—x,)(xz—xs) : (% - xo)(x3—.x,)(x3-xz)'

S f(x)z(x-l)(x-3)(x-4)(_l2)+x(x-1)6(x-—4) (5) + X=1)(x-3)

-12

-

f(J:] =x° -8x* +19x - 12—(1:] - 5x° +:43'c:)+3c3 —4x +3x
= f(x)=x"-7x* +18x~12 is the required polynomial.
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Home work Problems:

2

. Using lagrange’s interpolation, Calculate the profit in the year
2000 from the following data
Year : 1997 1999 2001 2002
Profit: 43 65 159 248
. Find the missing term in the following table using lagrange’s
interpolation
X 0 1 2 3 4
y 1 3 9 - 81

. Using Lagrange’s mterpolation formula, find the equation of the

cubic curve passes through the points
(_1 9_8)&(0:3).1(231}?&“(1 (332‘)

Fit the third degree polynomial f(x) and to find f(4) satisfying the
following data Using Lagrange’s interpolation formula

X 1 3 5 17

Y 24 120 336 720
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Home work Problems:

Answers:
1. y(2000) =100

2. v(3)=31

7x3-31 x*4+28x+18
6

3. y =

4. y(x) =x° + 6x* + 11x + 6 and f(4)=210
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Newton’s Divided Difference Formula: (For Unequal intervals)

Let fixy), f{x;), .... fixy) be the values of fix) corresponding to the
arguments x,, X, ... X, , not necessanly equally spaced. Then

F(x)= (%) +(x=x0) £ (%05 %) +(x =% ) (x = %) f (x0,%,%; ) + .
......... +(X = Xg JUX =X )oerrnane X — Xy ) S (X0 X0 X3500:%;, )

This formula i1s called Newton’s Divided Difference formula.

Dr. A. Venkatesh, AVWMSPC
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Representation by Divided difference table

Argument | Entry First Divided difference | Second Divided | Third Divided | Fourth Divided
X Fx) A F(x) difference difference difference
AZf(x) AT f (%) AYf (x)
X f(xa)
fl:x;i: J;[xclj = f(xp.%x1)
Xy fxe) f(xg.%1,%5)
fl:xi : ;::jﬁj = f(x1,%2) f(x0,%1,%2 X3)
X fxs) F (1%, %) f(xq,21,%;, %3, X4)
flxg) = flxg) _
— = f(x3,%;) f(%4,%2,%3 %4)
X3 fxs) fag, %3, %4)
. e f[x;i : J;[xg] = f(x4,x3) l
4 4
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Problem: 1

Using Newton’s divided difference method. find the value of f(8) and f(15).
given the following data.
X: 4 5 7 10 11 13
f(x): 48 100 294 900 1210 2028

Solution:  Tpe divided difference table is given below

 x [ o=} [ agiw alrta | airm | afrio |
4 ":LF:. ! f(xg.x1) )
| | fxo) lﬂﬁﬂ —443 -57 JETEZE DY
| 5 | L - | 97-02'_ 15 [ (20, %1 X5, %5)
' 7-4 -
| -0, |2l :
| . A=23 | 104 ! Fxg 2y X5,%5 ,%,)
| = T ZDI—Q?EH
| 10-5 0
| 2 20 27-21 _
Lo | woo | | 310-202 11-5 :
i =27 !
1210 — 900 | = ! i
| TEST I : B |
11| 1210 | 09-310__ 33-27 5 E
, : EESTE 13-7 |
| . | 20281210, :
| ~13-n |
S P




By Newton’s Divided Difference interpolation formula.
F(x) = £ (%) +(x=x0) £ (%0, %) +(x = %) (¥ =3) f (¥, %1, %)

+(x = x0) (x =) (x =2 ) £ (%50 205 X0 %3 ) o )
From the given data,
x, =4,x, =5,x,=7,x, =10,x, =1Lx, =13and f(x,) =48
Using the divided differences and the given data in (1),
f(x)=48+52(x~4)+15(x-4)(x—5)+(x—4)(x-5)(x-7)
When x = 8,

f(8) =48 + 208 + 180 + 12
:)f(B) = 448
When x =15,

f(15) = 48 + 572 + 1650 + 880

= £(15) = 3150
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Problem: 2
Use Newton’s divided difference formula, to fit a polynomial to the data
x -1 ) 2 3
y: -8 3 1 12

and hence find y when x =1

Solution:

The divided difference table 1s given below

x | f(x) | as® [ air | Alro
-1 -8f (%) 1 J(¥orx1)
1
5 11 f (.12
0 3 -
-4 |
3 f |:__'.t;',:|l.'-'i'a_l.'-'i':s -"5—3)
i 8
Eaild 4
- 4
2 1
12_4
3
1
1
3 12

Dr. A. Venkatesh, AVWMSPC

14



By Newton’s Divided Difference interpolation formula.
f(x)=f(xo)+(x—x0)f(xo,x,)+(x—x0)(x—x,)f(xo,x,,x2)
H(x=x) (x = x) (¥ = %) £ (%0 %15 %20 %3 ) + oo (1)

Here  f(x%)=-8,x% =-1x%=0,x, =2,x, =3

f(%6,%) =11, f (%0, %,%,) = —dand f(Xg,%,%,,%) =2
Using these we get,

f(x)=—8+(x+1)11+(x+1)x(—4)+(x+l)x(x—2)2

= -8+11x+11-4x" —4x+2x’ —2x* —4x

Ly=2x —6x* +3x+3

= y(1)=2-6+3+3=2

Dr. A. Venkatesh, AVWMSPC
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Problem: 3

Find the eqn. of the cubic curve which passes through the points (4, -43), (7, 83).
(9, 327) and (12, 1053). Hence find f(10), using divided difference

mterpolation

formula.
Solution: The divided difference table is given below
x | (% Ay f(x) A% £(x) A2 F(x)
4 -43 f (29,71
83 + 43 o .
=47 £ (g x4 %)
= 122-42
7 83 9—4 fo
327 —83 _
=122 2516
. 242—122 12-4
327 =
'1053—32?_242 He—7
12-9
121 1053

n A\ [ o 1 FX\ IWT W Yol Va
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By Newton's Divided Difference interpolation formula.
£(5)= £ (30) + (5= %) £ (200%) + (= %) (x =) £ (30>, %:)
+(x=x0)(x =3 ) (x =) £ (%0 %1 X35 X3 ) + oo (1)
Given data X=4.%=7. Xx=9. x3=12

f(Xg) = -43. f(Xp. X1) = 42. f(X0. X1. X2) = 16, (X0, X1. X0. X3) = 1
Using these, we get,
f(x)= —43+(x —4)@E )+ (x—H)(x—-7)16) + (x — 4)(x — D (x — 9)(1)
— —43+42x— 168+ (x> —11x+28)(16) + (x> — 11x + 28)(x — 9)
f(x)= x*—4x*—7x—15
Put x =10 in above eqn .we get

f(10) =515

Dr. A. Venkatesh, AVWMSPC
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Problem: 4

Find the polynomial equation y= f(x) passing  through
(-L3), (0,-6), (3,39), (6,822) and (7,161 1)
Solution: Givendata
x: -1 0 3 6 7
y: 3 -6 39 822 1611
The divided difference table 1s given below

x| f(x) | AS®) ASx) | AlS®) | AlSX
= 3 . .
flxo) _g f(¥o.x1)
B i = fxox1%2)
0 -6 24 _ 6 £ (%X X203
4
20 s = 5 - )
3" 7 flxgayxaxg,0,)
3| 39 246 _,. L
‘i 8
783 _ 261 91 13
3 "7_ -
6 822
L
4
LI
7 1 1611 Dr.-A-Venkatesh AVVMSPC




By Newton’s Divided Difference interpolation formula.

£(x)= 1 (x0) +(x=%0) £ (%0,3) + (3= %) (x =) f (30, %1, %2)
+(x=x0)(x =3 ) (x =) £ (%0 %1 X35 X3 ) + oo 1)

Givendata Xo=-1.%x;=0. Xx=3. X3=6.x4=7
f(xXg) = 3. f(Xo. X1) = -9. f(Xq. X1. X2) = 6. f(Xq. X1. X2, X3) = 5.

f(Xo. X1. X2, X3.Xg) = 1
y=f(x)=3+(x+1)(-9) +(x+1)x(6) +(x+1)x(x-3)5
+(x+1)x(x=3)(x-6)1

= y=3-9x-9+6x% +6x+5x° —10x? --15x+)c()c3—-8x2 +9x+18)

— .4 a3 2 ; ' .
vy =X —Jx" + 5% - 615 the required polynomial
Dr. A. Venkatesh, AVWMSPC
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Home work Problems:

1. Usmng Newton’s divided difference method find f{1.5) usmg the data

I

f(1.0)=0.7651977, f(1.3)=0.6200860, f(1.6)=04554022, f(1.9)=02818186
and f(2.2)=0.1103623.

Find f(1), f(5) and f{9) using Newton’s divided difference formula from the
following table:
X 0
fix) : 4

3 4 7 8
6 58 112 466 668

Fod Iod

Using Newton’s divided difference formmla, find the value u(3) given
w(l)=-26.u(2)=12 ,u(4) =256 and u(6) =844,

Find f(x) as a polynomual 1n x for the followmg data by Newton’s divided
difference formula:
X -4 -1 0 2 5
f(x): 1245 33 5 9 1335

Dr. A. Venkatesh, AVWMSPC
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Cubic Spline

Definition: Cubic Spline

A Cubic spline S(x) 1s defined by the following properties.

(1)  S(X;)=vV;, where1=0,1,2,..n

(i)  S(x). S(x). S (x) are continous on closed interval [a, b]

(i11)  S(x) 1s atmost a cubic polynomial in each interval (x;;, X;),1=1,2,3,....n

Definition: Natural Cubic Spline
The natural or free conditions S” (x;) = M, = 0, S8"(x,) = M, = 0 give the natural
cubic spline.

Formula:

1). For equal mtervals, X;+; — X; = h, we have the relation

6
M,_, +4M, + M, , = h_z[-“'l — 29, + V1] i=123 . ....(n—1)
2).If S(x) 1s the cubic spline in X;+; <X < X;, then
1
s(x) = y(x) = —[(.1': —x)*M_; + (x —x;_)° M, ] + =[x, — x) [v_l M 1]

— (JL - X;_4) [1’ M l i=1,23...
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Problem: 1

Fit a Cubic Spline for the following Data and hence evaluate y(1.5) .

X 1 2 3

Solution: Y 6 |-1 16
Given Data Xg X1 X7

X 1 2 3
Vv -6 -1 16
Yo Vi Y2

Here h = 1. Assume that M,= 0 and M, =0
To find M, use the following formula

6
My +4M;+ My, = %] [Viy = 235 + Yisa

Put 1 =1 in above equation, we get

6
My +4 M +M, = e (Vo — 2y1 + 3]

6

0+4M; +0 = 2[~6—2(~1) + 16]
4M, = 6[12]

M, =18

Dr. A. Venkatesh, AVWMSPC
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The Cubic Splme In the interval x,_, < x < x; is given by

s(x) = y(x) = [(;, —x)*M_y + (v — x, )M ] + }11[-1’: - x)|)

i — T ll.f'_
-1 6 -1

1=1,23....n

+ E (’L — lrj_l} [_.ll.':: - E :qr'f:

For1 < x<= 2, puti=Iinaboveeqn.We get

s(x) =y(x) = %[(xl XM+ (x — x)°M ]+ = (11 — x) [10 Mﬂ]

1 1M
+1(i‘* _xu_whi_ﬁ 1]

=200+ (x - (8] + 2 — 1)[-6— 0] + (x— 1)[~1— 3]
=3(x—1)P—-12+6x—4x +4
=3[x*-3x*+3x—1]|+2x—8
=3x>—9x*+9x—3+2x—8
y(x) = 3x — 9x* + 11x — 11, 1=x=<2
Sincex=15liesmmthemnterval 1 = x = 2, Putx=1.51n
y(x)=3x*—-9x*+11x— 11,
We get, vy (1.5) = -4.6250 Dr. A. Venkatesh, AVVMSPC
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Problem: 2

Using Cubic Spline, find y(0.5) and y'(1)from the following data assuming
that y”(0)andv”(2) =0

Xx |0
y |5 |4 |3

[—
-2

Solution:
. X X1 Xo
Given Data < 0 1 3

y S5 |4 |3
Yo Y1 ¥2
Here h = 1. Assume that M_,=0 and M,=0

To Find M; Use the following formula
6
My +4M;+ Moy = [viey — 2V + Vi41] i=123....(n—1)

Put 1 =1 1n the above eqn., We get,

6
My +4M, +M, = ;_r-[J'ﬂ -2y, +,]
12 -

6
0+4M, +0 ==[-5-2(~4)+3]
4M, = 6[6] =M. — 9

i¥y

Dr. A. Venkatesh, AVWMSPC
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The Cubic Spline in the interval x,_, < x < x; is given by
1 1 h*
s(x) = y(x) = ﬁ[[x: —x)PM_ 4+ (x—x,_ )’ M]+ - [x;, — x) [_v:_l - €Mz_1]
- (x ) v M =123
-|-h:u-x:_l _1:—6;1 t1=123....

For 0 < x <1, puti=I1 i the above eqn., We get.

1 1
y(x) = 6 [(xy —2)° My + (x — )M, ] + (x; — x) [}'a - EMD]

1
+(x —xp) [ — a M, ]

= é [(1—23.0+ (x—0)3(9)] + (1 —x)[-5-0]

1
+(x = 0)[~4— - (9)]

Put x=0.5in eqn. (1), we get v(0.5) ==5.0628 .. Putx sl meqn. (2), Weget, y“(1)=4 .,



Problem: 3

From the following table, fit the Polynomial and Compute y(1.5) and y'(1)

using Cubic Spline. X 1 P 3
Solution: y 8 |-1 |18
Given Data Xg X4 Xy

X 1 2 3
N -8 -1 18
Yo V1 Y2

Here h =1 .Assume that M,=0 and M,=0

To Find M;, Use the following formula
6

My +4M; + M4 = E [_"r':-l —2y; + _1|'F:+l]
Put 1 =1 in the above equation, We get

M, +4M,+ M, = hiz[j-?[} — 2V + 9]
0+4M, +0 = 6[—8—2(—1) + 18]
4M, = 6[12]

M. =18

Dr. A. Venkatesh, AVWMSPC
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The Cubic Spline in the interval x;,_; = x = x; is given by

1 1 h®
s(x) = y(x) = a[(x: —x)P*M_; + (x—x,_4)°M,] + 3 [x; — x) [_1,::_1 — E.‘Lf:_ll

i=123...

1 h*
+ E (x — x:_l) [_1’: — Eﬂ’fl
For1 < x = 2, puti=I in the above eqn., We get,
1 1 1
y(x) = 6 [(xy —x)°Mg + (x — 20)* M, ] + (3, — x) [.’-"I:!- - EMD] +(x—x0) [y, — P M,]

y(x) = é [(2—x)3.0 + (x—1)*(18)] + (2 — x)[-8] + (x — 1)[-1— 3]

=3(x—1)°—-16+8x—4x+4
=3[x—-3x?+3x—-1]—-12+ 4x
=3x*—9x?+9x—-3—-12 +4x

y(x)=3x" —9x" +13x—15 ———————— — (1)

y(x)=9x*-18x+13  ————-———-— - (2)
Put x =1.5 1 equation (1), We get Put x =1 in equation(2), We get
y(1.5) =-5.6250 y (1) =4
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Problem: 4
Fit a Cubic Splines for the following data.

x |1 [2 [3 |4
y |1 |2 |5 11

Solution: , ] _ _
- Xo X1 X2 X3
Given Data X 1 P 3 4

y |1 2 |5 11
Yo Y1 Y2 Vs

'3

Here h=1. Assume that M, =0 and M; =0

To Find M, and M, Use the following formula
M_; +4M; + M, = hiz Vi =20 + Vi, 1 =123, (n—1)---=>(1)

Puti=1 1 eqn.(1), We get,
M, + 4M, + M, = 6[y, — 2y, + ¥5]
0+4M, +M,=6[1-2(2)+ 5]
4 MM, =12 e o= (A)

Puti=21meqn.(1), we get,

M, +4M, + My = 6[v; — 2y, + 4]

0+ M, +4M,=6[2—2(5) +11]

M,+4M, =18 -------------e-———-—> (B)
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(A)= 4MA+M, =12
(B)x4=> 4M,+16 =72 ()

-15M,=-60  Solving, We get, D=4

Put M, =4in (A), weget 4 M,+4=12=04-2

The Cubic Spline in the interval x,_, =< x < x; isgiven by
1 1 :
s(x) = yx) = a[(xt - x)3M1-1 + (x - I:'-l)gM:'] + E[Ii - x) [.’l":‘-i - ?Mi-ll

For1l = x= 2, puti=lineqn.(2) We get, the cubic spline,

y(x) = %[(1‘1 —x)*My + (x — x0)° My ] + (xg — x) [}'n - %Mn]

1
+(x —x9)[yv1 — EMI]
- %[0 +(x - 1@+ 2-0[1-0]+ (x— 1)[2_21

=2[x*=3x2+3x—1]+2—x+2x—2>
3 3 3

=§[x3—3x2+3x—1]+§+§x

2Siy AVVMSPC
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For 2 = x<= 3, puti=2i1neqn.(2) We get, the cubic spline.

1 1
v(x) = 6 [(x2 —x)° My + (x — x)° M, ] + (x5 — x) [}’1 - EM1]

1
+H(x—x)[n — E 2]

- %[(3 —x)* (2 (};—2)3(4)]+(3-1)(2';1] +(x=2)[5- 5

1
- E[(E? —27x 4+ 9x* —x% + 2(x* — 6x% + 12x — 8)]

+(3—x) (g) + —2)13—3

1
= 5[2? —27x +9x? —x3 4+ 2x3 —12x% 4+ 24x — 16
+15 —5x + 13x — 26

Dr. A. Venkatesh, AVWMSPC 30



For 3 <x <4, puti=3ineqn(2) We get the cubic spline.

1 1
y(x) = 5 [(x3 —x) My + (x — x3)°M3] + (x3 — x) IJ”E — EMJ

1
+(x —x3) [y __M?]

E[(4—x} (4) +0] + (4— xJ[S——]+(x—3)[11 0]
= 2[4 -3 + 300 — 7] + (4—x) () + 11x - 33
3 3

~[64 — 48x + 12x% — % +———x +11x — 33

47 20

(128 — 96x + 24x? —Zx‘]—T+_—x

3

I.’..n-;-ll—n:.-:-l-—n*..ul-—l _Q|M

(128 — 96x + 24x2 — 2x3 — 47 + 20x]

—2x3 4+ 24x* — 76x + 81] 3<x<4

~

—
o=l

—t
Il
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Home work Problems:

1. Find the cubic splines from the table given below. Assume M, =0, M; = -12.

2. Find the cubic spline approximations for the function given below.

X

0

2

4

6

y =1(x)

9

41

41

X 0 1 2 3
y = f(x) 2 33 244
Assume M(0) = M(3) = 0. Also find v(2.5).
Answers:
1. M;=12, M=-12 2. M;=-24,M,=276
VX)) =1+%, 0<x<? V(X) = —4x" + 5x +1, 0<x<1
. ey — 3 2 _
‘(K) _ 25 _ 361 + 18}{! _ inj 2 5 X E 4 }‘(K) S50x 31621 +21671 53, 1 <X< 2
' V(X)= —46x" +414x" - 935x + 715, 2<x<3

y(x)= 103 +60x - 6x°, 4<x<6

v(2.5) = 121.25
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INTERPOLATION

Interpolation is the process of finding the intermediate values of
the function from a set of its values at specific points given in a

tabulated form.

The following tfable represents a set of corresponding values of x
and y = f(x):

y . Yo V1 Y2 V3 Yn

The process of computing y corresponding to xwhere
X; <X <X, 1=01,2,..n—1is inferpolation.
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GREGORY-NEWTON'S FORWARD INTERPOLATION FORMULA FOR
EQUAL INTERVALS

It Yo, Vi, Vo, .. ¥y aQre the values of y= f(x) corresponding to
equidistant values of x = x,, x4, X5, ... Xy,

where x; — x;_;, = h,fori =0,1,2,..n,

then
B u u(u—1) u(u—1)..(u—n—1)
Y = Yo +§ﬁyu +Tﬂ Yo+ -t - Ay,
X — X
Where u= P
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Forward difference table:

Xo

Xy

X3

y A A? A3 A*
Yo
§ Ay,
V1 § Ay,
Ay
,§ ! 53}’0
V2 ﬂ‘-z}’l 4
Ay, A%y
) ﬂg}’l
Y3 Ay,
g Ay
Ya

Dr. A. Venkatesh, AVWMSPC

35



GREGORY -NEWTON’S BACKWARD INTERPOLATION FORMULA:
(for equal intervals)

It Yo, Vi, Vo, .. ¥y aQre the values of y= f(x) corresponding to
equidistant values of x = x,, x4, X5, ... Xy,

where x; — x;_, = h,fori =0,1,2,...n,

then
v v(v +1) viv+1)(v+2)
:'*"(-"‘-') =yVp + FV:'*"H + T?23’rt + 31 ?33111 +
Where v = (X~%n)

n
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Problem: 1
Find the values of y at x=21 and x=28 from the following data:

X 20 23 26 29
y 0.3420 | 03907 | 04384 | 0.4848
Solution: Newton’s torward difference table
X y = (x) A, AZ, A3,
X, Yo .
| Yo |
2 0.3420 /o Aoy,
- : 3
23 03907 -0.0010 A’y
0.0477 -0.0003
26 04384 -0.0013
Viy
0.0404 , n
Vey,
29 0.4848 Vy,
x" yﬂ

3/
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Since x=21 1s nearer to the beginning of the table . we use Newton’s
forward formula

o u u(u — 1) u(u—1)(u —2)
}’(1’] = Yo T+ _—'ﬁyg + ' ﬁz}’g + ; r'lgyg +
1! 2! 3!
Where u = (I_:ﬂ) , h 1s the interval of differencing.
y =2l = 21720 3333
h 3
0.3333 0.3333(0.3333 — 1)
y(21) = 0.3420 + T (0.0487) + T (—0.001)
0.3333(0.3333 — 1)(0.3333 — 2)
+ 2 (—0.0003)
= 0.3420 + (0.3333)(0.0487) + ———"/(_0,001)

n 0.3333(-0.6666)(—1.6666) (_00003)

=)
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y(21) = 0. 3583

Since x=28 1s nearer to end value, we use Newton’s backward formula

v v(v+ 1) o2 v(v+1)(v +2) o3

}’(I] :yn+fvyn+ 21 Yn T 3 Yn T

Where v = {I_hx“} , h 1s the interval of differencing.

_ (28-29) _

=-0.3333

1?

(—0.3333)
y(x) = 0.4848 + = (0.0464)

(—0.3333)(—0.3333 + 1)

- = (—0.0013)

(—0.3333)(—0.3333 + 1)(—0.3333 + 2)
+
3!

(—0.0003)
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=0.4848+(-0.3333)(0.0464)-

(—0.3333)(0.6667)(1.6667)

(—0.3222)(0.6667)

6

' (—0.0003)

=0.4848-0.01546+0.0001444+0.0000185

Problem: 2

> (—0.0013)

The following data are taken from the steam table. Find the pressure at

temperature t = 142°C and 175°C

Temp.“C

140

150

160

170

180

Pressure Kgf /cm?

3.685

4854

6.302

8.076

10.225

Dr. A. Venkatesh, AVVMSPC

40



Solution:

Newton’s forward difference table

Temp. (t) | Pressure (p) Ap A%p A*p A*p

X Yo

140 3.685 Yo 1
wmes | o |

150 4.854 0.279 70 Aty
1.448 0.047 0

160 6.302 0.326 0.002
1.774 0.049

170 8.076 0.375
2.149

180 10.225
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Since t = 142 1s nearer to the beginning of the table, we use Newton’s
forward formula

| u u(u—1 ulu—1)(u—-2
y(0) = Ppo + 1;4P0 + (' 21 ) A*py +— 3).(' a3

Where 1 = (t-tp) _ 142-140 :i_: 02
h 10 5
0.2 0.2(0.2-1)
y(t = 142) = 3.865 + - (1.169) + o (0.279)
n 0.2{0.2-;.']{0.2-2] (01047)

+ 0.2{0.2-134:03.:2-2]{0.2-3;

(0.002)

=3.685+0.2338-0.02332+0.002256-0.0000672
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Since t = 175 1s nearer to the end value, we use Newton’s backward

formula
| v v(v+1) _, v(v+ 1)(v+ 2)
y(x) = p, +Tvpn.+ 2 VP + 3 vgp” T
o o= (otn) _ (175-180) -_1 — 05
n 10 5
—0.5 —-05)(-05+1
y(t = 175) = 10.225 +( T )(2.149) - ( )(21 )(0.375)
4 (—0.5){—0.5;1](—0.5+2j (0.049)
4 (-0.5)(=0.5+1)(—-0.5+2)(—0.5+3) (0.002)

4!
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(—0.5) (—0.5)(0.5)

= 10.225 +——(2.149) + .

(0.375)

n {—0-5]{:-5](1-5]

(0.049)

(-0.5)(0.5)(1.5)(25)
T 24

(0.002)

=10.225-1.0745-0.046875-0.0030625-0.000078125

=9.10048438
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Problem: 3

Using Newton’s forward interpolation formula, find the polynomial f(x)
satisfying the following data hence find {(2).

X 0 5 10 15
f(x) 14 379 1444 3584
Solution: i .
Newton’s forward difference table
X y = f(x) A, A%, A%,
X Yo
Ay,
0 14 S . .
~ Y0
365 A%y,
5 379 700
1065 375
10 1444 1075
2140
15 3584
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Newton’s Forward mterpolation formula 1s

| u u(u—1) u(u—1)(u —2)
y(x) =y, +Fi‘-}'0+ ' Jﬁ" + ' '

2 Yo 3 Adyg +

Where u = (I_:”) , h 1s the interval of differencing.

_ (x=xp) _x-0
= =

u

| s

-

y=f0)=14+3365 +:(:-1) () +()E-1)((-2) &

]

- x(x —5) (350) x(x — 5)(x — 10)
B Y= T 5 %6

(375)

i x(x% — 15x + 50
=14 + 73x + (x= — 5x)(14) + ( > )

1 ) 2
= (28 + 146v +28(x" —51) + x® — 15x% + 50x)

y =7 (x* +13x* + 56x + 28) y = f(2) = 100.
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